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Abstract
The main features of obtaining the asymptotic behaviour of the electric structure function
A(p) at large values of the transmitted momentum are analysed. The asymptotic behaviour of
the structure function A(p) was determined to take into account the asymptotic behaviour of
the deuteron form factors and the original dipole approximation for the nucleon form factors.
Asymptotic values of A(p) were obtained for the nucleon-nucleon potential Reid93 and compared
with the calculations for different nucleon form factors models and their approximations. In the
broad momentum range up to 12.5 fm−1, the basic forms of the asymptotic behaviour of the
electric structure function are demonstrated and compared with the experimental data of the
modern collaborations. As the analysis shows in most cases considered, the asymptotic for A(p) is
represented in the form of the power function p−n.
Абстракт Проаналiзовано основнi особливостi одержання асимптотичної поведiнки фун-
кцiї електричної структури A(p) при великих значеннях переданого iмпульсу. Асимптотична
поведiнка структурної функцiї A(p) була визначена при врахуваннi асимптотичної поведiнки
дейтронних формфакторiв та оригiнального дипольного наближення для нуклонних форм-
факторiв. Для нуклон-нуклонного потенцiалу Reid93 одержано асиптотичнi значення A(p) i
порiвняно їх iз розрахунками для рiзних моделей нуклонних формфакторiв та їх наближень.
В широкому дiапазонi iмпульсiв до 12.5 fm−1 продемонстровано основнi форми асимптотичної
поведiнки функцiї електричної структури та порiвняно їх з експериментальними даними про-
вiдних колаборацiй. Як показує аналiз, у бiльшостi розглянутих випадкiв асимптотика для
A(p) представлена у формi степеневої функцiї p−n.
Keywords: structure function, asymptotic, deuteron, form factor, approximation, wave functi-
on.
PACS: 13.40.Gp, 13.88.+e, 21.45.Bc, 03.65.Nk
1. Introduction
As a two-nucleon bound state, the deuteron is the simplest system in nuclear physics. This
simple two-particle system allows us to better understand the nucleon-nucleon interaction in the
processes of deuteron scattering. Measurements of the electromagnetic properties of a deuteron are
invaluable for studying the internal structure of a deuteron.
The electromagnetic structure of the deuteron is observed in the elastic scattering of electrons
on deuterons and can be described by the three form factors GC , GQ and GM , which are the electric
monopole, the electric quadrupole and the magnetic dipole distributions of the deuteron respecti-
vely in transferred momentum squared p2 representation [1]. From measurements of unpolari-
zed elastic electron-deuteron cross-section at different scattering angles, two combinations of the
deuteron form factors A(p) and B(p) can be obtained (by Rosenbluth separation).
The deuteron elastic structure function A(p) can be extracted from cross-section measurements
of elastic scattering of electrons on deuterons in coincidence (for example, in the range 0.7≤ p2 ≤6.0
(GeV/c)2 for Hall A of Jefferson Laboratory [2]). At low values of momentum p2, the cross-section
is dominated by A(p), and in A is dominated by form factor GC [1]. One of the latest experimental
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measurements for the electric structure function A(p) was presented in an intermediate momentum
transfer region in [3] and for large momentum in [2, 4]. The experimental status of A(p) is described
in detail in the review [5].
We note another important feature of the knowledge of the electric structure function A(p). It
is a component in tensor t2j and vector t1i polarizations [5], in the spin correlation coefficients and
tensor asymmetries [6], and other polarization observables in processes with the participation of
deuteron. The value A(p) appears in the factor S(p, θe) = A(p) + B(p)tg2(θe/2), where θe is the
electron scattering angle in the laboratory system.
A theoretical studies of the value A(p) in ed-scattering using modern theoretical approaches
and approximations remains relevant [7, 8, 9, 10, 11]. In this paper, we use the analytic forms of the
deuteron wave function (DWF) in coordinate representation for theoretical calculations of electric
structure function A(p) and its asymptotic at large momentums in the elastic electron-deuteron
scattering. The nucleon-nucleon realistic phenomenological potential of Nijmegen group Reid93
[12, 13, 14] and the different models of nucleon form factors were used for numerical calculations.
2. The electric structure function
Different models of NN potential for quantitative understanding of the structure of the deuteron,
S- and D-states and polarization characteristics are considered. The deuteron charge distribution
is not well known from the experiment because it is determined from the data of polarization
experiments (polarizations and differential cross-sections) [15]. Differential cross-section of elastic
scattering of unpolarized electrons by unpolarized deuterons without measuring the polarization
of reflected electrons and deuterons is given by the formula within the assumptions of the first
Born approximation and the conditions of relativistic invariance [16, 17, 18, 19, 5]
dσ
dΩe
=
(
dσ
dΩe
)
Mott
[
A(p2) +B(p2)tg2
(
θe
2
)]
. (1)
Formula (1) is obtained by Rosenbluth [20]. Here
(
dσ
dΩ e
)
Mott
is the scattering cross-section on
a spinless structureless particle obtained by Mott; p is the transmitted deuteron momentum in
units fm-1; A(p) and B(p) are the electric and magnetic structure functions (or structure functions
determined by the electromagnetic structure of a deuteron)
A = G2C +
8
9
η2G2Q +
2
3
ηG2M ; (2)
B =
4
3
η (1 + η)G2M , (3)
where η = p
2
4m2
d
; md – is the mass of deuteron. The charge GC(p), quadrupole GQ(p) and
magneticGM(p) deuteron form factors (FFs) contain information about the electromagnetic characteri-
stics of a deuteron [21, 22, 23, 24, 25, 5, 26]:
GC = GENDC ; GQ = GENDQ; GM =
md
2mp
(GMNDM +GENDE) . (4)
The body form factors Di are determined by DWFs in the coordinate representation
monopoly electric DC =
∞∫
0
[u2 + w2] j0dr;
quadrupole electric DQ = 3√2η
∞∫
0
[
uw − w2√
8
]
j2dr;
transverse magnetic DM = 2
∞∫
0
[(
u2 − w2
2
)
j0 +
(
uw√
2
+ w
2
2
)
j2
]
dr;
2
longitudinal magnetic DE = 32
∞∫
0
w2 [j0 + j2] dr;
where GEN = GEp + GEn; GMN = GMp + GMn are the isoscalar electric and magnetic FFs;
GEp and GEn are proton and neutron isoscalar electric FFs; GMp and GMn are proton and neutron
isoscalar magnetic FFs; j0, j2 are spherical Bessel functions of zero and second order from argument
pr/2.
The original dipole fit (DFF) is the simplest representation for the proton and neutron FFs
[27, 28]:
GEp = FN ; GEn = 0; GMp = µpGEp; GMn = µnGEp; (5)
Here the nucleon FF is written in the form of a dipole [27]
FN(p
2) =
(
1 +
p2
0.71(GeV/c)2
)−2
=
(
1 +
p2
18.235fm−2
)−2
. (6)
Analysing formulas (1)-(3), it will be obvious [29] that the angular dependence of the differential
cross-section allows us to independently measure the structure functions A and B. However, experi-
ments for unpolarized particles do not give complete information about all quantities describing
ed-scattering and not allow dividing the contributions of charge and quadrupole FFs in to A.
Therefore, additional experiments with polarized particles are required for a complete descripti-
on: 1) scattering on a polarized deuteron target; 2) measurement of tensor polarization of recoil
deuterons.
Experimental data for the electric structure function A(p) are given in the papers of Stanford
[30], Orsay [31, 32], CEA [16], DESY [17], SLAC [33, 34], Mainz [35], Bonn [36], Saclay [37], Bates
[38], JLab [3, 2], JLab2007 [4] collaborations and in Garcon review [38].
3. Asymptotic of the electric structure function
In quantum chromodynamics (QCD) [39, 11], with large momentums, asymptotic values and
their relations for the structure functions and for deuteron FFs are written as:
√
A ∼
√
B ∼ GC ∼ 1
p10
; GQ ∼ GM ∼ 1
p12
; B : A : G2C = 4 : 1 :
1
3
; (7)
GC : GM : GQ =
(
1− 2
3
η
)
: 2 : −1. (8)
In addition to the representation of the structure functions A and B, in paper [40] there is a
form of presentation of the results in the form A(p2)/(F 2NF ) and B(p2)/(F 2NF1), and also according
to [41] in the form as ΓM(p2)/(F 2NF1), where ΓM(p2) = [GM(p2)mp/(µdmd)]
2; F = (1+p2/0.1)−2.5;
F1 = (1 + p
2/0.1)−3. Values F and F1 in dimensions [(GeV/c)2] for p2. Determination of structure
function A(p) is important for the study of the deuteron FF
Fd(p
2) =
√
A(p2) (9)
and of the reduced deuteron FF [42]
fd(p
2) = Fd(p
2)/F 2N
(
p2
4
)
. (10)
The deuteron FF in QCD is defined as [43]
Fd(p
2) ≈
[
αS(p
2)
p2
]5 ∑
m,n
dmn
[
ln
(
p2
Λ2
)]−γdn−γdm [
1 +O
(
αS(p
2);
m
p
)]
. (11)
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In the predictions of QCD [43], the reduced FF at p2>2 (GeV/c)2 has the following asymptotic
fd(p
2) ≈ αS(p
2)
p2
[
ln
(
p2
Λ2
)]−λ
, (12)
where λ = 2
5
CF
β
= − 8
145
; CF = N
2
c−1
2Nc
; β = 11− 2
3
Nf . Here Nc=3 and Nf=2 are the numbers of
colours and flavors of quarks.
It was shown in [43] that the structure function (2) can be decomposed by the nucleon FF
FN(p
2/4) and the so-called "reduced"nuclear FF fd(p2):√
A(p2) = fd(p
2)F 2N(p
2/4). (13)
Parameterization was used to determine the reduced deuteron FF as [44]
fd(p
2) = N
αS(p
2)
p2
[
ln
(
p2
Λ2
)]−Γ
, (14)
where N is the normalization factor; αS(p2) =
[
ln
(
p2
Λ2
)]−1
are strong interaction coupling
constant; Λ is the QCD-scale parameter; Γ = −8/145 is determined by the leading anomalous
dimension.
The asymptotic for the deuteron FF at large momentums are determined by the expression
[45]:
Fd(p
2) ∼ 1
(p2)m
, (15)
where m=7/2 and 13/4 are for non-relativistic and relativistic impulse approximations (NRIA
and RIA) respectively. In addition, in paper [46] it is noted that the magnetic FF GM makes a
major contribution to the structure function A(p) and, accordingly, to the deuteron FF Fd (in the
non-relativistic IA):
A(NR)(p2) ∼ 1
(p2)6
(µp + µn)
2(m20)
4
3pi2m2d
[∑
j
Cjm
2
j
]2 [∑
j
Cj/m
2
j
]4
[∑
j
Cj/m4j
]2 ; F (NR)d (p2) ∼ 1(p2)3 ; (16)
where m20 = 0.71(GeV/c)2; Cj, mj are the expansion coefficients of the S-component of DWF
in the momentum representation. In the RIA, the asymptotics for A and Fd are defined as follows
[46]:
A(R) ∼ md
p
A(NR); F
(R)
d ∼
F
(NR)
d√
p
. (17)
In addition, in [47] takes into account the influence of the “non-Rosenbluth” behaviour of
proton FFs on deuteron FFs and, as a consequence, the major contribution to the asymptotic of
the structure function A(p) gives the magnetic deuteron FF and the “non-Rosenbluth” behaviour
of proton FFs enhances this effect. The obtained asymptotics [47] for A and Fd in NRIA (NR) and
RIA (R) are written as
A(NR)(p2) ∼ 1
(p2)8
2048(µp + µn)
2(m20)
4
3pim2d
∑
j
Cjm
2
j
4 ; F (NR)d (p2) ∼ 1
(p2)4
; (18)
4
A(R) ∼ p
3
32m3d
A(NR); F
(R)
d ∼ p3/2F (NR)d . (19)
As stated in [47], given the experimental data JLab [3, 2] for structure function A(p) for
momentum values of p2 ∼6 (GeV/c)2, the deuteron FF can be interpolated by the function
F
(exp)
d ∼
1
(p2)3.76±0.41
. (20)
The perturbative QCD (pQCD) is used to calculate the rate of fall of deuteron FFs for large
values p2 [48], where for a structure function (2) is valid the approximation A(p2) ∼ c0/p2n at n=9;
10.
The deuteron FF was obtained in the high-quality description of the deuteron electromagnetic
FFs in a soft-wall anti-de Sitter/quantum chromodynamics approach (AdS/QCD) as [49]
Fd(p
2) ≡ F (p2) = Γ(6)Γ(a+ 1)
Γ(a+ 6)
, (21)
where F is the twist-6 hadronic form factor; a2 = p2/(4κ2); the scale parameter κ in the range
of 150 MeV<κ<250 MeV.
4. Calculations and conclusions
One of the simplest and most convenient analytical forms of DWFs in coordinate representation
is the following [50] 
u(r) = r
N∑
i=1
Aie
−air,
w(r) = r3
N∑
i=1
Bie
−bir.
(22)
The number of expansions in (22) for Reid93 potential was N=29 since in this case, the
calculated deuteron parameters by these forms will be good (deuteron radius rm, electric quadrupole
moment, magnetic moment, the D-state probability, asymptotic D/S-states, etc.).
In addition to the simplest DFF according to (5), the calculations of the structure function A(p)
for other theoretical models and the approximations for the nucleon form factors were performed.
The first group includes the following: the modified dipole fit 2 (labelled as MDFF2) [28], the
relativistic harmonic oscillator model (RHOM) based on the quark model with the relativistic
oscillator potential [51, 52], the vector meson dominance model (VMDM) [53] taking into account
the parameters of the full Gari-Krumpelmann model [54]; and the second - Kelly parameterization
(Kelly) [55], the approximation based JLab measurements of the isoscalar electric and magnetic
FFs (JLab) [5] and Bradford parameterization (Bradford) [56].
Fig. 1 shows the results of the calculations of the electric structure function A(p) by selecting
seven specified sets of nucleon form FFs and applying of DWF (22) for the nucleon-nucleon potential
Reid93. Theoretical calculations in comparison with experimental data [30, 31, 32, 16, 17, 33, 34, 35,
36, 37, 38, 3, 2, 4, 38]. The best agreement of the theoretical results with the experiment is available
for calculations when choosing VMDM for momentums up p=13 fm−1, and for approximations,
5
there will be coincidence only for momentum at p ≤5 fm−1.
Fig. 1. The electric structure function A(p). The theoretical calculations for DWF (22) with
models [27, 28, 51, 52, 53, 54, 55, 5, 56] are compared with the experimental data from [30, 31, 32,
16, 17, 33, 34, 35, 36, 37, 38, 3, 2, 4, 38]
In [57] for DWFs (22) obtained the deuteron FFs Gi, which is determined by the coefficients of
the analytical forms for DWFs, nucleon isoscalar FFs and the order of momentum
GC ≈ 32GEN
N∑
i,j=1
AiAjaij(
p2 + 4a2ij
)2 ; GQ ≈ −9216GEN√2η
N∑
i=1
AiBi(ai + bi)p
2
(p2 + 4(ai + bi)2)
4 ; (23)
GM ≈ md
mp
GMN
32 N∑
i,j=1
AiAjaij(
p2 + 4a2ij
)2 − 3072√2
N∑
i=1
AiBi(ai + bi)p
2
(p2 + 4(ai + bi)2)
4
 . (24)
where aij = ai + aj; bij = bi + bj. And, substituting in (23) and (24) the values of GEN , GMN
(for DFF) and η, we can write the asymptotics of the deuteron FFs for large momentum values in
the form [57]:
GC ∼ 1
p8
; GQ ∼ 1
p12
; GM ∼ 1
p8
. (25)
In formulas (25) takes into account only the leading parts at large momentum and the simpli-
fication of records without the expansion coefficients of DWF (22). When using asymptotics of
deuteron FFs at large momentums (25), we find the asymptotic of the electric structure function
(2) as A ∼
(
1
p8
)2
+ η2
(
1
p12
)2
+ η
(
1
p8
)2
, which will be determined by the third part, that is, the
magnetic FF:
6
A ∼ 1
p14
. (26)
The exact value of asymptotic for A(p) can be obtained by considering expressions (23) and
(24).
Comparison of our asymptotic (26) for DWFs (22) with other asymptotics (15)-(19) in NRIA
and RIA [46, 47] for which A ∼ 1
pk
(at k=12; 13; 16; 13 respectively) indicates their similarity.
According to the approximation [47] according to formula (20) for the electric structure function
A(p) is a fair expression
√
A(approx1) ∼ 1
(p2)3.76
. The approximation of the experimental data of the
JLab [2] and JLab2007 [4] collaborations in the momentum interval at p ≈10.6-12.4 fm−1 using the
function 1
(p2)N
similar to (15) gives the result for N ≈3.795575, i.e.
√
A(approx2) ∼ 1
(p2)3.795
. In Fig.
2, the results of these two approximations are labelled as approx1 and approx2 respectively, and
the calculations using the DWF (22) for Reid93 potential at different nucleon FFs are indicated as
lines.
The approximation of the calculated values A(p) in the range momentums at p=10.6-12.5 fm−1
using the function p−N showed, that the value N was obtained as 8.44, 8.50, 7.48, 7.82, 8.50, 8.68
and 8.69 for DFF, MDFF2, RHOM, VMDM, JLab, and Bradford respectively. That is, closer to
the experimental approximation are the values for RHOM and VMDM.
To estimate the quality of the approximation, the value χ2 is calculated, which per degree of
freedom of function. Compared to the experiment, the value χ2 (multiplied by a factor 10−16)
for approx1, approx2, RHOM, VMDM is 1.21, 1.63, 3.46, 0.27 respectively. Obviously, the “best”
approximation is approx1, and of the two variants the RHOM model is “worse”.
Fig. 2. The electric structure function A(p) at large values of the momentum. The theoretical
calculations for DWF (22) with models [27, 28, 51, 52, 53, 54, 55, 5, 56] are compared with the
experimental data from [2, 4] and with the two approximations
As can be seen from Figs. 1 and 2 almost all (except for the results for RHOM) the theoretical
values obtained for the electric structure function A(p) are below the experimental data. Similar
7
behaviour of A(p) was obtained in [46, 47] for NRIA and RIA, for Moscow, NijmI, NijmII, CD-
Bonn, Paris potentials in [10], for calculations in chiral effective field theory [9] at leading order
(LO) and with inclusion of charge operators up to N3LO, for NRIA [26] predictions using non-dipole
and dipole behaviour GEp(p), for phenomenological potentials in NRIA (Bonn-A, B, C, Q, Reid-
SC, Paris and Argonne v18 at p>4 fm−1 [19]), for generalized IA [58] at p>5 fm−1, for equal time
approximation and relativistic quasipotential approximation of the Blankenbecler-Sugar-Logunov-
Tavkhelidze [59].
Below the experimental data are the calculations A(p) [60] (at p>3.6 fm−1) for Reid93 potential
using the Gari-Krumpelmann and Mergell-Meissner-Drechsel parameterizations of the nucleon FFs.
As the analysis shows, above the experimental data are the values A(p), that were calculated
for OBEPQ-A, B, C potentials [61] (for momentum values at p>3 fm−1), for IA with the ρpiγ MEC
included [62] (at p>9 fm−1), for Bonn (Bonn-B, FULLF, OBEPF) and Nijmegen (Nijm93, NijmI,
NijmII) potentials of the Gari-Krumpelmann nucleon FFs [63] (at p>4 fm−1).
For the momentum interval at 7.2-13 fm−1, two approximations for A(p) were performed in [19].
The first approximation is obtained for dimensional scaling in pQCD [64], wherein the case of a
hadron composed of n quarks, one can expect that the leading FF has asymptotic as p−2(n−1). Since
this true in both the initial and final states, so the FF of the system is written as F 2 ∼ p−4(n−1),
and for deuteron (n=6) the asymptotic for the structure function will be as A ∼ p−20. The second
approximation in [19] is as A ∼ p−16 follows. The fit of the five data for the highest p2 from [2]
using A = p−2m gives the value m=8.0. If we exclude the inaccurate last point, then m=8.7. The
experimental data point [2] at 5.955 (GeV/c)2 (or 12.37 fm−1) does not lie on the approximation
dependence A = p−2m at m=8.0. All curves in paper [19] (see Fig. 5.17) are normalized to the
point at p2=11.275 fm−1.
Fig. 3 shows a set of approximations. Similar to [19], these approximations are normalized about
the point p=11.276 fm−1. In Fig. 3, the labelled “QCD” corresponds to the application of formula
(14). The parameters for (14) are selected from paper [44] for the case F 2N → G2Ep as follows:
N=0.16; Λ=0.20 GeV. Here the proton electric FF was written as (values 0.129p2 in dimension
[(GeV/c)2])
GEp =
1
(1+p2/m2D)
2 (1− 0.129p2)at m2D = 0.71GeV 2.
In Fig. 3 uses the following designations for approximations: NRIA [47] as A ∼ p−16; approxi-
mation for pQCD [48, 19] as p−20; analytical result (26) for DWFs (22) with DFF in form p−14;
NRIA [46] as p−12; “Approx2” described above; the approximation A = p−2m at m=8.7 [19] is
labelled as p−17.4; the designation “Global fit” corresponds to the approximation of the experi-
mental data for the momentum interval p=4.00874-12.36678 fm−1 with the resultant function
8
√
A ∼ p−5.787.
Fig. 3. Approximations of the electric structure function A(p). Approximations and global fit
are compared with the experimental data from [30, 31, 32, 16, 17, 33, 34, 35, 36, 37, 38, 3, 2, 4, 38]
So, we can draw the following conclusions:
1. Theoretical features of the estimation of the asymptotic behaviour of the electric structure
function A(p) at large momentums are analysed. Asymptotic values of A(p) were obtained for
Reid93 potential when using different models and approximations for nucleon FFs. The approxi-
mation of the values A(p) in the range momentums at p=10.6-12.5 fm−1 showed, that closer to the
experimental approximation are the values for RHOM and VMDM.
2. For electric structure function, the basic theoretical forms of asymptotic behaviour and
approximations according to the experimental data and in comparison with the experiment of the
leading collaborations are demonstrated. In addition to the QCD approach, the asymptotic for
A(p) is represented in the form of the power function p−n.
3. The asymptotic behaviour of A(p) (26) has been determined by taking into account the
asymptotic behaviour of deuteron FFs (25) and DFF for nucleon FFs. The exact value of A(p) at
large momentum values is determined by the asymptotics of the deuteron FFs Gi, the coefficients
of the analytical forms of the DWs and the nucleon isoscalar FFs.
4. The following numerical calculations of the ratio B/A for momentums up p=12 fm−1 [39,
65], the tensor t2j and vector t1i polarizations [5], the spin correlation coefficients and tensor
asymmetries [6] and other polarization observables taking into account the behaviour of the electric
structure function are promising.
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